In this paper we consider the curves H
Introduction
Let q be a prime power and F q be the finite field with q elements. Let X be a projective smooth absolutely irreducible curve of genus g defined over F q . Consider the L-polynomial of the curve X over F q , defined by
where #X(F q n ) denotes the number of F q n -rational points of X. It is well known that L X (T ) is a polynomial of degree 2g with integer coefficients, so we write it as
It is also well known that c 0 = 1 and c 2g = q g .
Let k be a positive integer and t be a nonnegative integer. In this paper we will study the curves
which are defined over F p . The curve H (p)
k,t has genus p kt (p k − 1)/2 except for (p, t) = (2, 0), and if (p, t) = (2, 0), the genus of H (p) k,t is 0.
In this paper we will prove the following theorem which gives the number of rational points over all extension F p .
Theorem 1. Let k = 2 v w where w is an odd integer. Let n be a positive integer with d = (n, 4kt) and c = (n, 4k). Then
| kt and t is odd ,
where ǫ = 0 if p = 2 and ǫ = 1 if p is odd.
When t = 1 this curve is very well known to be a maximal curve over F p 2k . We have calculated the number of rational points over all extension of F p . We will write H (p)
Corollary 1. Let k = 2 v w where w is an odd integer. Let n be a positive integer with d = (n, 4k). Then
We will usually drop the superscript in H In Section 2, we will give some backgrounds which we will use in our proofs. In Section 3, we will give the proofs of two general tools which are useful for proving our results. In Section 4, we will find the F p n -number of rational points of H k,0 where p is an odd prime. In Section 5, we will find the F p n -number of rational points of H k,t where p is an odd prime. In Section 6, we will find the F p n -number of rational points of H k,t where p = 2. In Section 7 and 8, we will give some remarks on maximal curves which are related to our previous results. In Section 9, we will prove that in which condition the L-polynomial of a Hermitian curve divides the L-polynomial of another Hermitian curve over F p .
Background
In this section we will give some basic facts that we will use. Some of this requires that p is odd, some of it does not.
More on Curves
Let X be a projective smooth absolutely irreducible curve of genus g defined over F q . Let η 1 , · · · , η 2g be the roots of the reciprocal of the L-polynomial of X over F q (sometimes called the Weil numbers of X, or Frobenius eigenvalues). Then, for any n ≥ 1, the number of rational points of X over F q n is given by
The Riemann Hypothesis for curves over finite fields states that |η i | = √ q for all i = 1, . . . , 2g.
It follows immediately from this property and (2) that
which is the Hasse-Weil bound.
, so the Hasse-Weil lower bound is met.
Note that if X(F q ) is minimal or maximal then q must be a square (i.e. r must be even).
The following properties follow immediately.
Proposition 1.
is minimal for even n and maximal for odd n.
If
The best known example of a maximal curve is H k over F p 2k .
Supersingular Curves
A curve X of genus g defined over F q (q = p r ) is supersingular if any of the following equivalent properties hold.
1. All Weil numbers of X have the form η i = √ q · ζ i where ζ i is a root of unity.
2. The Newton polygon of X is a straight line of slope 1/2.
3. The Jacobian of X is geometrically isogenous to E g where E is a supersingular elliptic curve.
By the first property, a supersingular curve defined over F q becomes minimal over some finite extension of F q . Conversely, any minimal or maximal curve is supersingular.
Quadratic forms
We now recall the basic theory of quadratic forms over F q , where q is odd.
Let K = F q n , and let Q : K −→ F q be a quadratic form. The polarization of Q is the symplectic bilinear form B defined by B(x, y) = Q(x + y) − Q(x) − Q(y). By definition the radical of
The rank of B is defined to be n − dim(W ). The rank of Q is defined to be the rank of B.
The following result is well known, see Chapter 6 of [1] for example.
Proposition 3. Continue the above notation. Let N = |{x ∈ K : Q(x) = 0}|, and let w = dim(W ). If Q has odd rank then N = q n−1 ; if Q has even rank then
In this paper we will be concerned with quadratic forms of the type Q(x) = Tr(f (x)) where f (x) has the form a ij x q i +q j for any prime power q and Tr maps to F q . If N is the number of x ∈ F q n with Tr(f (x)) = 0, then because elements of trace 0 have the form y q − y, finding N is equivalent to finding the exact number of F q n -rational points on the curve C :
Indeed,
Relations on the Number of Rational Points
In this section we state a theorem which allows us to find the number of F p n -rational points of a supersingular curve by finding the the number of F p m -rational points only for the divisors m of s, where the Weil numbers are √ p times an s-th root of unity. Note that s is even because equality holds in the Hasse-Weil bound over F p s .
Theorem 2 ([3]
). Let X be a supersingular curve of genus g defined over F q with period s. Let n be a positive integer, let gcd(n, s) = m and write n = m · t. If q is odd, then we have
if m · r is odd and p | t,
if m · r is odd and p ∤ t.
If q is even, then we have
if m · r is odd.
Discrete Fourier Transform
In this section we recall the statement of the Discrete Fourier Transform and its inverse.
Proposition 4 (Inverse Discrete Fourier Transform). Let N be a positive integer and let w N be a primitive N-th root of unity over any field where N is invertible. If
Divisibilty Theorems
The following theorem is well-known. 
Moreover, If there is a surjective morphism of curves C −→ D that is defined over F q , we will say that D is covered by C.
However, there are cases where there is no map of curves and yet there is divisibility of Lpolynomials. We suspect that H (p)
2k is such a case, see Corollary 2.
Proposition 5 ([2]
). Let C and D be supersingular curves over
3 The Image of the Maps y → y p k ± y over F p n
In this section, we will give some useful tools. We will use these tools in sections 5 and 6.
Lemma 4. Let n and k be integers with (n, k) = d. For integer m ≥ 1 define
Then the set equality S k = S d holds.
Proof. Since both y → y p k − y and y → y p d − y are additive group homomorphism from F p n to F p n with kernel F p d , the cardinalities of S k and S d equal. Since
Note that if p = 2, we will prefer to use Lemma 4 instead of the following lemma.
Lemma 5. Let n and k be integers with (n, k) = d. Let k/d is odd and n/d is even. Then
We have
by Lemma 4. If we multiply the sets by −µ −1 ,
4 The Number of F p n-Rational Points of y
where p is odd Let p be an odd prime. In this section we will find the number of rational points of H k,0 over F p n for all n ≥ 1 where k is a positive integer and prove Theorem 10.
Lemma 6. Then the curve H k,0 is maximal over F p 2k and minimal over F p 4k .
Proof. Let µ be a nonzero element in F p 2k such that µ
is an one-to-one map from F p 2k to F p 2k , we have #H k (F p 2k ) equals the number of F p 2k -rational points of
, we have that the number of
by (4). Therefore, we have
Since the genus of the curve H k,0 is (p k − 1)/2, H k,0 is maximal over F p 2k and therefore it is minimal over F p 4k by Proposition 1.
Since for each x ∈ F p d there exists a unique y ∈ F p d satisfying the above equality, we have the result.
Proof. Write k = 2 u t where u is a non-negative integer and t is odd. There exists an odd e such that k = d · e and e | t. Since e is odd, there exists an integer f such that e = 2f + 1.
Hence we have
for all x, y ∈ F p 2d . Therefore, we have
Since H d,0 is maximal over F p 2d by Theorem 6, we have the result.
Proof. Write d = 4e where e is an integer and k = 2 u t where u is a non-negative integer and t is odd. There exists an odd f such that k = e · f and f | t. Since f is odd, there exists an integer g such that e = 4g + 1 or e = 4g − 1.
Case A. e = 4g + 1. We have
for all u ∈ F p 4e . Hence we have
for all x, y ∈ F p 4e . Therefore, we have
Since H e,0 is minimal over F p 4e by Lemma 6 , we have the result.
Case B. e = 4g − 1. We have
Since H e,0 is minimal over F p d by Lemma 6 , we have the result.
Theorem 10. Let k = 2 v t where t is an odd integer. Let n be a positive integer with d = (n, 4k).
Proof. It follows by Lemma 7, 8 and 9.
5 The Number of F p n-Rational Points of H k,t where p is odd
Let p be an odd prime. In this section we will find the number of rational points of H k,t over F p n for all n ≥ 1 where k and t are positive integers and mainly prove the Theorem 1 for odd primes.
Lemma 11. Let t be an odd integer. Then the curve H k,t is maximal over F p 2kt and minimal over F p 4kt .
an one-to-one map from F p 2kt to F p 2kt , we have #H k (F p 2kt ) equals to number of F p 2kt -rational points of G k,t,µ :
for all x ∈ F p 2k , by (4) we have Proof. Since u p kt = u for each u ∈ F p d , we have
where d = (n, k). This cardinality basically equals to
This finishes the proof.
Note that this result in Lemma 16 is also follows by the fact that the genus of H k,0 is 0.
Lemma 17. Let k and t be integers. Then H k,t is maximal over F 2 2kt and minimal over F 2 4kt .
Proof. We want to note that every root of x 2 k + x is in F 2 k and 2x = 0 for all such x since we are in characteristic 2. Now the proof is similar to the proof of Theorem 11.
Lemma 18. The followings hold.
Divisibility Property of the Curves H k
In this section, we will interest in L-polynomials of Hermitian curves and prove the Theorems 21 and 22. Similar proofs can be given for the curves H k,t .
Lemma 19. Let k be a positive integer. For n ≥ 1 define
and write U n as a linear combination of the 8k-th roots of unity as 
and all others are ≤ p k (p k − 1) 
